Introduction
Flat continuous webs of sheet metal, paper, polymer and other thin materials are transported during their production under tension and at high speed. Webs are conventionally stored in a wound roll format that is economical and practical for transportation and further processing. Referred to as coils in the sheet metal industry, strips of metal stock are often wound on to a hollow central core, which in turn can be mounted on such drive mechanisms as shafts, core chucks, or mandrels. The core is a structural element that supports the coil's layers and serves as a receiving structure when the coil is loaded on equipment during winding and unwinding operations.
Thin cylindrical tubes with cross-ply walls formed of laminated paper are preferably chosen as the core's material. The reason for that choice is threefold: ͑i͒ fiber cores are cost-effective; ͑ii͒ the core can be consumed completely without contaminating raw material during re-melting, as typically occurs for rejected coils; and ͑iii͒ the core does not need to be recycled. At the end of a winding stage, a sheet metal coil is removed from the drive mechanism and stored for subsequent processing. In that case, the interior of the coil is supported entirely by the core. The coil-core combination is frequently encountered in the processing of aluminum sheet metal, which forms the focus of the present study.
The stress field within the coil develops incrementally as each sheet metal layer is added. The distribution of the internal stresses and their dependence on such parameters as process tension, number of layers, and the material properties of the core and sheet metal determine to a large extent the coil's quality, and they likewise can contribute to such failure modes as sag collapse, spoking, starring, and v-buckling. The net scrap rate due to such stressinduced failures can reach several percent in some manufacturing plants, a loss that increases costs and decreases net productivity.
V-buckling refers to a failure mode in which a localized section of the core buckles inward with a ''vee'' shape extending across its width, possibly along with the innermost several wraps of the coil. An example of this defect type is shown in the photograph of Fig. 1 . Instability occurs when the core experiences excessive compressive radial stress even while remaining constrained against outward displacement by the bulk of the sheet metal coil.
In the present investigation, a coil stress model is combined with an analysis of core buckling in order to predict the critical design and process parameters at the onset of v-buckling. Factors of safety against core buckling are calculated over realistic ranges of several model parameters. The effects of potential geometric imperfection in the core on the buckling process are also described.
Stress Model
Figure 2 depicts a prototypical coil that is formed by winding continuous sheet metal stock under tension onto a core. The core has inner radius r i , outer radius r c , and wall thickness t c . The coil region has outer radius r o and common width L with the core. As an incrementally layered structure, the coil is often modeled as a succession of layers that have been shrunk-fit onto one another.
Research pertaining to the analysis of coil stresses comprises both one-͑radial͒ and two-dimensional ͑radial and widthwise͒ models. The one-dimensional models, wherein the core and coil are treated as being infinitely wide, specify uniform mechanical properties and tension across the coil's width and account for the coil's anisotropic and elastic material properties ͓1-2͔. In early approaches at two-dimensional analysis ͓3-5͔, the state of stress was treated under the assumption that the coil could be partitioned across its width into uncoupled segments, within which the stresses could be determined through a series of one-dimensional analyses. Such restrictions were not imposed in the stress analysis of Lee and Wickert ͓6͔, where the stress problem was approached from the standpoint of elasticity and equilibrium in multiple dimensions with the radial r , circumferential , transverse z , and shear rz stresses within the coil being functions of r and z.
The two-dimensional, axisymmetric, finite width model for stresses in the sheet metal coil is illustrated in Fig. 3 . The coil is divided into substructures Cϭ͕ (r,,z) :r i ϽrϽr c ,0ϽϽ2, ϪL/2ϽzϽL/2͖ over the core and Wϭ͕ (r,,z) :r c ϽrϽr o ,0Ͻ Ͻ2,ϪL/2ϽzϽL/2͖ over the coil. Each substructure is discretized locally through finite element. The stresses and displacements within C and W couple through a stiffness matrix K គ int that is evaluated along the core-coil interface. The stress field is determined through the method of weighted residuals and iteration, and the weak forms of the equilibrium conditions are given by The stress model accounts for such attributes as material anisotropy and nonlinearity that arises from the coil's layered structure. The bulk radial modulus E r in W is generally a nonlinear function of r owing in part to the contact and surface roughness of adjacent sheet metal layers. The stress-modulus relationship of the coil is determined by a polynomial fit to data that is measured through compression testing of a stack of sheet metal layers. A functional expression of E r ( r ) that is representative for a stack of a particular grade of aluminum sheet stock is listed in Table 1 .
The core's elastic modulus E is determined through a combination of measurements and a finite element shell model. Point forces were applied across the diameter of an experimental core, and the stiffness profile as a function of position z along the core's axis was determined at ten locations. The data were correlated with the finite element model in order to empirically determine the core's elastic modulus. Although fiber cores are known to have slightly orthotropic material properties ͓7͔, cores with relatively small thickness-to-radius ratio and helix angles are wellapproximated in this manner and are assumed to be isotropic ͓1͔. Table 1 lists the material properties of the core and sheet metal that are used as baseline parameters in the case studies that follow. The stresses developed during winding generally differ from the final stress state after the coil has been unloaded from its drive mechanism, since stresses must adjust to accommodate changes in the coil's support condition through a combination of redistribution and interlayer slippage. Figure 4 illustrates the stress state within a coil using the baseline core and coil parameters. The radial and circumferential stresses are nearly uniform in the coil's central region, with variations occurring near the coil's free edges and interface with the core. The centerline stresses represent the stress field over the bulk of the coil, and their variations in r are depicted in Fig. 5 . The circumferential stress is highly compressive at the core-coil interface. The radial stress r,max , which is a factor associated with the onset of v-buckling, is maximized near, but not at, the core-coil interface. Elastic instability is expected to occur when r,max as exerted on the core by the coil exceeds the core's critical buckling pressure.
V-Buckling Model
As depicted in Fig. 6 , the buckling model treats the core as loaded by uniform external pressure r and confined elastically by the coil. The core is modeled as an elastic ring to the extent that the core's thickness-to-radius ratio is small and less than six percent in all subsequent case studies. The core undergoes plane deformation in the radial and circumferential directions, and the displacement fields are functions of only. The elastic foundation represents the reinforcement provided by the stiffness of the coil, and it is modeled as a foundation of uncoupled bilinear radial springs along the circumference. The foundation is nonlinear in the sense that stiffness is applied to portions of the core where core-coil contact occurs, but portions where contact is lost due to prospective buckling are free from reinforcement. Shear stress at the core-coil interface is negligible both prior to and subsequent to buckling, an approximation that has been shown to lead to conservative solutions for buckling pressure ͓8͔.
Within the context of an elastic ring contained within a cavity, related technical applications and literature occur in the construction of underground pipelines, tunnels, and pressure vessels. Kyriakides ͓9͔ investigated the collapse of a confined ring subjected to external pressure. The ring was pressurized through a void that developed as the ring became detached from its confining wall by a local geometric imperfection. The critical buckling pressure and shape were determined by identifying regions of separation and contact between the ring and rigid wall. Bottega ͓10-11͔ considered a confined ring subjected to a radially-directed point load, and incorporated the contribution of wall compliance to the critical load and the buckling pattern. Other studies related to the loading and buckling of confined elastic rings have addressed the 6 Buckling model in which the core is subjected to the uniform external pressure arising from the coil's internal stresses, and an elastic foundation representing core-coil contact effects of circumferential ͓12-15͔ and inertia load ͓16 -17͔. The v-buckling process examined here involves uniform pressure loading and nonuniform coil compliance around the core, but a symmetric buckling pattern is not assumed, as was the case in ͓9-11͔.
At high enough radial pressure, the core buckles away from its initial geometry into a perturbed equilibrium configuration. Portions of the core that deform outward are subjected to stiffness constraints imposed by the coil and which provide resistance to the outward movement of the core. Conversely, portions that displace inwardly are unconstrained. The buckling process is analyzed numerically through the following steps:
1. The core's buckling pressure and shape are calculated. 2. Circumferential portions where the core displaces radially outward are identified. 3. The distribution of elastic foundation stiffness is established in . 4. The core's buckling pressure and shape are determined subject to the foundation stiffness function in step 3. 5. Iteration proceeds in steps 2-4 until the buckling pressure and shape converge within specified tolerances.
The buckling model is based upon the theory of elastic stability for a circular ring, in which normal vectors to the undeformed centroidal surface are specified to remain straight, normal, and inextensional during deformation. The requirements of small extensional strain and small rotation of the ring's centroidal surface are likewise imposed. Subject to those restrictions, the linear form of the differential equations describing core buckling are ͓18͔ 
where the prime indicates differentiation with respect to . Here v and w are the circumferential and radial displacements of the core; E, L, AϭLt c , IϭLt c 3 /12, and aϭ(r i ϩr c )/2 are the elastic modulus, width, cross-sectional area, moment of inertia with respect to the axis of rotation of core's centroidal surface, and the mean radius, respectively. The stiffness function k(w) is found from the radial displacement field w at the previous iteration, and p denotes the core-coil contact pressure as determined from the stress model discussed above.
The imperfection parameter ⑀ captures the amplitude of a geometric imperfection that is potentially present in the core. For an ideal circular core, the loss of stability in its prebuckled state occurs through bifurcation, and the stability analysis reduces to an eigenvalue problem. Solutions of Eqs. ͑3͒-͑4͒ in the absence of imperfection ͑⑀ϭ0͒ provides the lowest buckling pressure p ϭp cr at which stability is lost. The effects of geometric imperfection ⑀Ͼ0 become important to describe the buckling behavior near the critical load, and they are incorporated by the predeformations v* and w* of the core in its natural ͑unstressed͒ state.
Equations ͑3͒-͑4͒ with nonconstant coefficient k(w) are analyzed by the method of weighted residuals. Complete Fourier sine and cosine series are chosen as the solution forms for v and w. At each iteration i, v i and w i are found by using the stiffness function in Eqs. ͑3͒-͑4͒ based on displacement w iϪ1 in the previous stage. In a sample calculation for instance, Fig. 7 illustrates the radial displacement of the core at iteration iϭ3, and the corresponding stiffness function k() that would be implemented at iϭ4. The function k 4 comprises four spatially-distributed rectangular pulses of magnitude k f that map to the four regions w 3 Ͼ0 where coreto-coil contact occurs.
The constant parameter k f is the stiffness, or the load per unit radial displacement per unit width, of the bilinear radial springs, and it is defined as the foundation's modulus. The modulus is determined through the stress model and an orthotropic finite element model of the coil. The dependence of E r on r and r is obtained from the predicted stress field, and that distribution of E r (r) is incorporated in the finite element model of the coil. The structural compliance of the coil is found, in turn, by applying a unit radial load to a node at r c . For the parameters listed in Table  1 , the foundation modulus is k f ϭ18.6 GN/m 2 .
Convergence
The algorithm's convergence characteristics are described in Figs. 8 -9 for a simulation using the baseline parameters listed in Table 1 . Stability and convergence are improved by applying the 
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Transactions of the ASME relaxation method to the stiffness distribution of the nonlinear foundation. A modified stiffness function k i,m is created at each iteration as the weighted average
involving all previous iterations. The relaxation factor 0р␣р1 is empirically-chosen to give sensibly fast, and non-oscillatory, convergence behavior. The behavior for ␣ϭ0.1, 0.2, and 0.3 over fifteen iterations is depicted in Fig. 8 . Steady-state in p cr is reached at iϭ5, and the solution remains stable with further iteration. The predicted buckling pressure at i max ϭ15 for the baseline study is p cr ϭ4.99 MPa. The contribution of the number of harmonic terms m used to approximate v and w is shown in Fig. 9 . The solution remains essentially unchanged for mϾ20. The values ␣ϭ0.1 and mϭ50 are used in the subsequent case studies. Figure 10 illustrates the core's shape during iteration toward the final v-buckled configuration. The first perturbed shape, of wavenumber two, occurs at iϭ1 when the core is initially subjected to the pressure exerted at the coil-core interface. The sectors of the core that deform radially outward ͑namely, 1/2рр and 3/2рр2͒ contact the coil at iϭ1, and they are therefore subjected to the foundation stiffness k f in the second iteration. The area of core-coil contact increases gradually as iteration proceeds, and the critical buckling pressure likewise grows owing to the increase in strain energy in the foundation. The converged v-buckle shape is reached at iϭ5, where core-coil contact occurs over approximately 85% of the core's circumference. The identical deformation pattern persists for iϾ5.
Imperfection
The effects of imperfection within the core are next investigated. With ⑀Ͼ0, the imperfection or predeformation is specified to be sinusoidal with w*ϭ⑀ cos(n) and v*ϭ␦ sin(n). Here n denotes the imperfection wavenumber, and ⑀ and ␦ define the amplitude of the imperfection. These amplitudes for radial and circumferential distortion couple through ␦ϭϪ⑀ a 2 ϩn 2 t c 2 /12
which is obtained by prescribing wϭw* and vϭv* in Eq. ͑3͒ such that EAa 2 ((v*)Јϩw*)ЈϩEI(v*Ϫ(w*)Ј)Љϭ0. The v-buckling response of imperfect cores is described in Fig. 11 . A smooth increase of ␦w max , defined as w max Ϫw*, occurs for loads below p cr . As the applied pressure p reaches 90% of p cr , the deflection ␦w max with nϭ2 can reach 0.15, 0.3, 0.45, and 0.6 mm for ⑀ϭ0.5, 1, 1.5, and 2% of r i , respectively. In this case, ␦w max increases in linear proportion with increasing ⑀.
The load-deflection profile over a range of n for ⑀ϭ0.01r i is depicted in Fig. 12 . The deflection ␦w max reaches its maximum at n cr ϭ7, which is a critical wavenumber for the onset of significant deformation. The critical wavelength cr ϭ2/n cr coincides closely with d , the angular length upon which core-coil contact is lost, or the region of inward displacement found in the converged solution w. From the approximation d Ϸ cr ϭ2/n cr , the critical wavenumber can therefore be estimated as n cr Ϸ2/ d . Figure 13 depicts ␦w max as a function of n at pϭ80%, 90%, and 95% of p cr . A near symmetrical distribution occurs about n cr ϭ7, where ␦w max at pϭ95% of p cr is approximately 1.5⑀. For an imperfection wavenumber such as nϭ2 that is well away from n cr , ␦w max is reduced to one sixth of the amplitude at the critical wavenumber. Cores that exhibit a relatively large component of n cr in their initial geometries can be more susceptible than others to potential v-buckling failures.
Case Studies
Stability of the coil and core is assessed by comparing p cr to r,max , and the factor of safety f is defined as the ratio f ϭp cr / r,max . In what follows, the critical pressures for imperfect cores ͑with ⑀ϭ1%, 2%, and 5% of r i at nϭn cr ) are designated when ␦w max reaches 5 mm. Results of p cr , r,max , and f for process tension 7рT w р27 MPa are presented in Fig. 14. The stress model predicts a monotonic increase in r,max , as well as the coil's overall internal radial stress r . As a result, the elastic foundation on which the core is supported stiffens in light of the increase in E r ( r ). The effects of k f on p cr for ⑀ϭ0 and ⑀Ͼ0 are depicted in solid and dashed lines, respectively, in Fig. 14. The critical tension T w,cr at the onset of v-buckling is defined at the condition r,max ϭp cr . For a geometrically perfect core, T w,cr is 24.8 MPa, and so the process tension can be increased some 42% beyond the nominal value of 17.5 MPa before v-buckling would occur. That tolerance, however, is reduced to 34% when a 5% imperfection is present in the core. Likewise, the factor of safety decreases from 3.2 to 2.7 at the nominal process tension when imperfection is present in the core. Although a reduction in the process tension can increase the factor of safety against v-buckling, a coil that is wound at low tension can exhibit other types of quality defects.
Predicted results for varying the core's inner radius are presented in Fig. 15 . The maximum radial stress at the coil-core interface changes little and is insensitive to the dimensional change, since it only influences the stiffness in the stress model, but the critical buckling pressure decreases. The critical radius relative to the baseline values is r i,cr ϭ368 mm for ⑀ϭ0. Figure 16 illustrates results from a parameter study in the core thickness t c . The radial stress remains nearly constant for 3рt c р16 mm, but the buckling pressure increases as the wall thickness grows. The critical thickness is t c,cr ϭ7.2 mm which represents a decrease of 43% with respect to the baseline value of t c ϭ12.7 mm for this idealized core. When a 5% imperfection in the core's initial ge- … denotes p cr and f for ⑀Ä1, 2, and 5% of r i at nÄn cr . Fig. 15 "a… Buckling pressure p cr and maximum radial stress r,max for various core inner radius r i , and "b… factor of safety f against core buckling. " … denotes p cr and f for ⑀Ä1, 2, and 5% of r i at nÄn cr .
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Transactions of the ASME ometry is present, the allowable thickness decrease is 39%. The critical buckling pressure for a core decreases as the level of imperfection in the core grows. Core buckling is most sensitive to the process tension, in which a 10% increase in T w relative to the nominal tension results in a 38% reduction in the factor of safety, whereas 25% and 19% reductions, respectively, occur when t c and r i are varied by 10%.
Summary
A methodology is discussed for predicting the onset of core buckling and for quantifying the effects of different process parameters on the critical buckling pressure and design factor of safety. The buckling pressure ͑or radial stress at the coil-core interface͒ and the deformed shape of the core are treated in the context of a nonlinear stability theory for elastic rings.
Solutions are obtained numerically through an iterative technique in which the radial and circumferential deflections of the core are expanded in Fourier series. Factors of safety against core buckling are defined in terms of the critical interfacial radial stress which leads to v-buckling, and can be used to evaluate the robustness of chosen manufacturing process parameters. Critical process tension, core radius, and core thickness values are identified, as are critical wavenumbers n cr for cores having geometric imperfections. Such results are expected to be useful from the quality control and core inspection standpoints. Cores with defects described by wavenumbers that are away from n cr could be acceptable and have negligible contribution to v-buckling, while cores having defect wavenumber at or near n cr will be more sensitive to prospective failure.
The one-dimensional buckling model presents a first approximation to quantify the buckling behavior of an otherwise complex multi-dimensional problem. Such widthwise variations as the thickness of the metal strip, compliance of the fiber core associated with different types of loading mechanisms, or tension variations throughout the winding operation are not considered in the present analysis. Those factors are known to influence the distribution of internal stresses in the coil's radial and widthwise directions, and are thus appropriate topics for further study.
